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Building an entanglement measure on physical ground
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We introduce on physical grounds a new measure of multipartite entanglement for pure states.
The function we define is discriminant and monotone under LOCC and moreover can be expressed
in terms of observables of the system.
PACS numbers:
Since the beginning of quantum mechanics, entangle-
ment revealed to be a key concept for the understanding
of the nature. Its link with the foundations of physics
was immediately recognized, in particular in connection
with the nonlocality property of quantum theory. In the
last years moreover the interest toward this fundamen-
tal concept of Quantum Mechanics has grown also in
view of its central role in many fields of contemporary
physics, like quantum information theory or condensed
matter physics. In the last decade, in particular, the
fundamental question concerning how to quantify entan-
glement has received a lot of attention. To this end differ-
ent measures of entanglement have been proposed with
respect, in particular, to bipartite systems. On the con-
trary entanglement in multipartite systems remains an
open and debated problem. In view of the complexity of
such systems it cannot indeed be understood simply ex-
tending the tools adopted when bipartite entangled states
are studied.
Consider a multipartite system composed by N not
necessarily identical subsystems each one living in a finite
dimensional Hilbert space. In this letter we introduce a
new measure of entanglement for such systems in pure
states called General Entanglement (GE). This quantity
provides a measure of the entanglement present in the
system independently on how it is distributed among the
finitely many possible subsystems. The GE proves to be
easily computable and reduces to Meyer and Wallach’s
Global Entanglement [1] when qubit systems are consid-
ered. A very important aspect is that the quantity we in-
troduce has an immediate interpretation. Making indeed
physical considerations of clear meaning we construct our
new measure function directly starting from the concept
of separability. The quantity we define is moreover char-
acterized by many appealing properties making it very
attractive both from a conceptual and an experimental
point of view. As well known a pure state of a multipar-
tite system is said to be completely separable if it can be
written as tensor product of states of each subsystem. At
the same time a state is separable with respect to an as-
signed subsystem if, and only if, no physical quantity of
the subsystem under scrutiny can be changed acting on
the rest of the system. Let thus consider a multipartite
system in a pure state |ψ〉 and focus on the single j-th
subsystem. A projective measurement [2, 3] on the rest
of the system is defined as:
Mj = {Pi = |χi〉〈χi|} (1)
with ∑
i
Pi = I and Pi = I(j) ⊗ P(r)i (2)
In eq. (2) the projection operators Pi act on the Hilbert
space of the total system whereas P(r)i act on the Hilbert
space relative to the system obtained excluding the j−th
subsystem from the total one.
As a result of the measurement the system initially
in the state ρ ≡ |ψ〉〈ψ| is projected, with probability pi,
onto the pure state ρi corresponding to the obtained out-
come: ρ
Mj−−−→ {pi, ρi}. Thus, whatever the observable
O = O(j) ⊗ I(r) is, the quantity:
R
(j),Pi
O
(
ρ
)
=
(
Tr ρO − Tr ρiO
)2
(3)
is zero if ρ is separable with respect to the subsystem j.
This statement is in addition true whatever the chosen
projective measurement Mj is. If, on the contrary, the
quantity R
(j),Pi
O (ρ) is zero for any O(j), Mj and for any
outcome i, we may claim with certainty that the state
of the j-th subsystem is not correlated with the rest of
the system in any way. Under this condition ρ must be
separable with respect to the subsystem j; thus, if this
property is true for every subsystem, the state must be
completely separable. Guided from these considerations
we introduce the quantities:
E(j)
Mj
(
ρ
)
=
∑
i
pi max
O∈Ω
R
(j),Pi
O (ρ) (4)
where Ω is the set of all the observables O(j) ⊗ I(r), O(j)
acting on the state space of the j-th subsystem. By def-
inition this quantity gives an estimation of the average
departure from the separability condition. E(j)
Mj
(ρ) is in-
deed equal to zero with certainty only if the state is sep-
arable with respect to j. Let’s however observe that it
goes to infinity in the opposite case being R
(j),Pi
αO (ρ) =
α2R
(j),Pi
O (ρ), α ∈ R. Confining ourselves however to the
set Ω of all the normalized observables, with respect to a
prefixed norm, the quantity E(j)
Mj
(ρ) becomes finite. Let’s
2moreover observe that since R
(j),Pi
O (ρ) = R
(j),Pi
O˜
(ρ) with
O˜ = O − rI, r ∈ R, R(j),PiO (ρ) does not depend on TrO.
Thus, without loss of generality we put
Ω =
{O = O(j) ⊗ I(r),O† = O,TrO = 0, ‖O‖ = 1} (5)
The quantity E(j)
Mj
(ρ) evaluated in the set Ω defined
by (5), gives an estimation of the degree of entanglement
existing between the j-th subsystem and and the rest of
the system. In other words the greater E(j)
Mj
(ρ) is, the
greater is the influence on the j-th subsystem stemming
from the measurement on the rest of the system. Thus,
when a system composed by N subsystems is in a pure
state ρ ≡ |ψ〉〈ψ|, we are naturally guided to adopt as a
measurement of entanglement the quantity
Eg
(
ρ
)
=
1
N
N∑
j=1
max
Mj
E(j)
Mj
(ρ) (6)
In what follows we will refer to this measure as General
Entanglement. By definition Eg
(
ρ
)
may be evaluated
for pure states of arbitrarily large multipartite systems,
whose N constituents have finite dimensional Hilbert
spaces. It is important to stress that, differently from
the Global entanglement of Meyer and Wallach [1] or its
generalizations proposed by Rigolin et al. [4], our defini-
tion does not require that such Hilbert spaces have the
same dimensions. We now prove that GE is a good en-
tanglement measure for pure states [5, 6, 7, 8]. To this
end we begin demonstrating the following
Theorem 1 General Entanglement is discriminant, that
is Eg(ρ) = 0⇐⇒ ρ is completely separable.
Proof: ρ completely separable implies Eg(ρ) = 0 being
R
(j),Pi
O (ρ) = 0 whatever the observable O and the sub-
system j are. Conversely, Eg(ρ) = 0 implies E(j)Mj (ρ) = 0
whatever j and Mj are. Since in addition in correspon-
dence to an outcome i with pi 6= 0 Tr ρO = Tr ρiO for
any O, then ρ(j) ≡ Trrρ and ρ(j)i ≡ Trrρi coincide. But,
ρi is pure and separable with respect to j; thus ρ
(j)
i , and
therefore ρ(j), is pure too. Then ρ is separable with re-
spect to j. Since such a property holds for any subsystem
j, the state ρ ≡ |ψ〉〈ψ| is completely separable. 
Another remarkable features of our GE is its invariance
under local unitary operations. It is indeed possible to
prove the following
Theorem 2 Eg(ρ) = Eg(UρU
†), with U † = U−1 and
U = U (1) ⊗ U (2) ⊗ · · · ⊗ U (N)
Proof: Putting ρ˜ = UρU † for every admissible measure-
mentMj = {Pi} consider the transformed measurement
M˜j ≡ {P˜i = UPiU †} satisfying (1)). It is immediate to
convince oneself that since
p˜i = Tr ρ˜P˜i = pi ρ˜i = 1
p˜i
P˜iρ˜P˜i = UρiU † (7)
then
R
(j),fPi
UOU†
(ρ˜) = R
(j),Pi
O (ρ) (8)
so that
max
O∈Ω
R
(j),fPi
O (ρ˜) = max
O∈Ω
R
(j),Pi
O (ρ) (9)
Thus E(j)
gMj
(ρ˜) = E(j)
Mj
(ρ) and, therefore, Eg(ρ) =
Eg(UρU
†). 
To obtain an explicit expression for the GE we normal-
ize the observables of the set Ω with respect to the trace
scalar product :
(A,B) = Tr(AB) =⇒ ‖A‖2 = TrA2 (10)
This choice of the set Ω allows us to prove that GE is
monotone under LOCC. To demonstrate this remarkable
property it is convenient to prove in advance the following
general Lemma:
Lemma 1 Let {Ak} be an orthonormal basis (with re-
spect to (10)) in the vectorial space of traceless hermitian
D × D matrices. For every D × D hermitian matrix σ
with Trσ = 1 we have:∑
k
(Tr σAk)
2 ≡
∑
k
〈Ak〉2σ = Tr σ2 −
1
D
(11)
Proof: Expanding σ in the basis {I, Ak}
σ =
1
D
I+
∑
k
rkAk (12)
we obtain:∑
k
(TrσAk)
2 =
∑
k
r2k Trσ
2 =
1
D
+
∑
k
r2k (13)

Let us now focus on a single subsystem j and indicate
by D(j) the dimension of its Hilbert space. Consider an
orthonormal set of (D(j))2−1 traceless observables {Ak}
relative to the j-th subsystem. Whatever the observable
O ≡ O(j) ⊗ Ir ∈ Ω is we can write O(j) = ∑k okAk,
with
∑
k o
2
k = 1. For simplicity, in what follows we write
O(j) = oˆ ·A with oˆ = (o1, o2, ...) and A = (A1, A2, ...),
and denote by 〈A〉ρ the vector of components 〈Ak〉ρ ≡
Tr(ρAk ⊗ Ir) in R(D(j))2−1. Exploiting this notation, eq.
(3) may be cast in the form
R
(j),Pi
O (ρ) =
[
oˆ · (〈A〉ρi − 〈A〉ρ)]2 (14)
Observing that the set Ω can be obtained simply varying
the unit vector oˆ we may write
E(j)
Mj
(ρ) =
∑
i
pi
(〈A〉ρi − 〈A〉ρ) · (〈A〉ρi − 〈A〉ρ) (15)
3Taking into consideration the fact that ρ
(j)
i is pure and
using Lemma 1, we have:
E(j)
Mj
(ρ) = 1− 1
D(j)
+ 〈A〉ρ · 〈A〉ρ − 2〈A〉ρ ·
∑
i
pi 〈A〉ρi
(16)
Starting from eq. (1) it’s easy to prove that:∑
i
pi 〈A〉ρi = 〈A〉ρ (17)
and thus
E(j)
Mj
(ρ) = 1− 1
D(j)
− 〈A〉ρ · 〈A〉ρ (18)
Summing up, with the choice (10), the quantities
E(j)
Mj
(ρ) do not depend on the measures Mj and the
maximization in (6) becomes trivial. We wish moreover
point out that in view of Lemma 1, 0 ≤ ∑k〈Ak〉2ρ ≤
1 − 1
D(j)
. This inequality suggests to rescale E(j)
Mj
(ρ)
as follows E(j)
Mj
(ρ) −→ (1 − 1
D(j)
)−1E(j)
Mj
(ρ) obtaining
E(j)
Mj
(ρ) = 1 − D(j)
D(j)−1
〈A〉ρ · 〈A〉ρ. Thus we may define
the normalized General Entanglement as:
Eg(ρ) = 1− 1
N
∑
j
D(j)
D(j) − 1 〈A
(j)〉ρ · 〈A(j)〉ρ =
= 1 +
1
N
∑
j
1
D(j) − 1 −
1
N
∑
j
D(j)
D(j) − 1 Tr(ρ
(j))2
(19)
Thus with the choice (10) GE reveals to be related to
the average purity of the state, and, when we deal with
equal dimensional subsystems it reduces to the general-
ized global entanglement E
(1)
g [4]. Moreover under the
choice (10) the GE is surely monotone as proved by the
following theorem:
Theorem 3 General Entanglement is monotone under
LOCC if we make the choice (10).
Proof: In order to prove this statement it is sufficient
to demonstrate that −∑j D(j)D(j)−1 Tr(ρ(j))2 does not in-
crease under LOCC. Let us focus on the subsystem j, and
consider the bipartition (j - rest of the system). With re-
spect to this bipartition the state admits Schmidt decom-
position and, using Schur’s theorem [9], it is easy to prove
that Tr(ρ(j))2 is a Schur-convex function of the Schmidt
coefficients; then, thanks to Nielsen’s majorization theo-
rem [10], −Tr(ρ(j))2 does not increase under LOCC with
respect to the bipartition. But a LOCC with respect to
all partitions is a LOCC with respect to the fixed bipar-
tition; so −∑j D(j)D(j)−1 Tr(ρ(j))2 is not-increasing under
LOCC. 
The ability of writing the General Entanglement Eg(ρ)
as expressed by eq. (19) is remarkable not only because
it allows us to prove its monotonicity but also in view of
the following considerations. First of all eq. (19) clearly
shows that the GE is a linear function of the ”average”
purity of the state of all the subsystems. Moreover, ex-
ploiting the first equality of eq. (19), we may express
Eg(ρ) in terms of mean values of local observables. This
circumstance is of particular relevance from an experi-
mental point of view giving the possibility of testing di-
rectly in laboratory the quantity Eg(ρ) here defined. In
what follows we will apply the new concept of GE in
order to evaluate the degree of entanglement of assigned
multipartite systems. Let’s begin considering a system of
N spin 12 . In correspondence to each subsystem the op-
erators Sx, Sy, and Sz are traceless and orthogonal each
other so that, once normalized they provide the following
useful set of operators:
A1 ≡
√
2Sz =
1√
2
(
1 0
0 −1
)
A2 ≡
√
2Sx =
1√
2
(
0 1
1 0
)
(20)
A3 ≡
√
2Sy =
1√
2
(
0 −ı
ı 0
)
with ~ = 1. Exploiting (19), it is immediate to conclude
that in the case under scrutiny the degree of multipartite
entanglement measured by GE is simply given by
Eg
(
ρ
)
= 1− 4
N
∑
j
〈S(j) 〉2 (21)
This expression coincides with the Meyer-Wallach global
entanglement [1, 11, 12] when N qubits are considered.
It is of relevance to observe that if N = 2 GE can be
directly related to the concurrence function C [13] being
in particular Eg
(
ρ
)
= C2
(|ψ〉).
Suppose now that the system of interest is composed
byN spins 1. In this case in order to construct the appro-
priate set of {A(j)k } operators let’s start by considering
the following linearly independent observables:
Sz =

1 0 00 0 0
0 0 −1

 Sx = 1√
2

0 1 01 0 1
0 1 0


Sy =
1√
2

0 −ı 0ı 0 −ı
0 ı 0

 Sxy = SxSy + SySx
Sxz = SxSz + SzSx Syz = SySz + SzSy
S2x = SxSx S
2
y = SySy (22)
Orthonormalizing this set by the Gram-Schmidt method
4[14], we obtain the following orthonormal traceless basis:
A1 =
1√
2
Sz A2 =
1√
2
Sx
A3 =
1√
2
Sy A4 =
1√
2
Sxy
A5 =
1√
2
Sxz A6 =
1√
2
Syz
A7 =
√
3
2
S2x −
√
2
3
I A8 =
√
2S2y +
1√
2
S2x −
√
2 I
(23)
Thus (19) becomes:
Eg
(
ρ
)
= 1− 3
2N
∑
j
〈A(j) 〉2ρ (24)
As we have previously stressed, GE does not distin-
guish between “truly” N -partite entanglement [15] and
partially separable entanglement. In other words the
quantity Eg(ρ) is different from zero also in correspon-
dence to a state separable with respect to some biparti-
tion. It indeed indicates how much global entanglement
is present in the system. Anyway, if we are interested
only in N -partite entanglement, a variant of GE can be
introduced. Let us denote by ρP the state of the system
thought as a bipartite system induced by the bipartition
P . Then, the following measure:
ENg
(
ρ
)
= min
{
Eg
(
ρ
)
, Eg
(
ρP
)
, ∀ bipartition P
}
(25)
is nonzero if, and only if, the state is N -partite truly
entangled, and is less or equal than Eg
(
ρ
)
. If the system
is not too large, the quantity ENg
(
ρ
)
defined by (25) is
simple to compute. In addition it is monotone in view of
the fact that a LOCC with respect to all the subsystems
is a LOCC with respect to a bipartition.
Summarizing, in this paper we propose a new way to
quantify entanglement in multipartite pure systems. In
contrast to the Global Entanglement [1] and its general-
izations [4], our measure does not require that all the sub-
systems have the same dimension. Thus GE can be ap-
plied to more general physical situations. In addition the
measure we propose reveals to be a good one being dis-
criminant, invariant under local unitary operations and
monotone under LOCC at least when the normalization
(10) is adopted. Moreover the possibility of expressing
GE in terms of mean values of suitable local quantities
turns out to be very attractive from the experimental
point of view. By definition the quantity we introduce
does not allow to distinguish the many ways in which a
multipartite system can be entangled. Our aim is indeed
to quantify the entanglement present in a multipartite
system independently of its distribution. On the other
hand the generalization of GE proposed in eq. (25) allows
us to distinguish genuine multipartite entangled states.
The fundamental aspect of our GE is the fact that it is
constructed following a quite simple reasoning based on
physical grounds. This directly furnish the possibility of
interpreting our function in a clear way. The starting
point is that more our physical predictions on a subsys-
tem are changeable acting on the rest of the system, more
the subsystem is entangled with the rest. An important
result, from the conceptual point of view, is that GE im-
proves, with respect to the notion of monotonicity under
LOCC, our capability to physically say that a state is
more or less entangled than another. In fact, as far as
monotonicity, if a state |ψ〉 can be transformed into |φ〉
by LOCC, we physically say that |ψ〉 is more (or equal)
entangled than |φ〉. But the order imposed by LOCC is
only partial; so, let us consider two states that cannot
be converted into each other. We could not physically
say that a state is more entangled than the other, if we
limit the concept of entanglement to a quantity that does
not increase under LOCC. The physical meaning of GE
provides a way to compare, on physical basis, the en-
tanglement of such states [16]. Thanks to the fact that
GE is monotone, this physical meaning is not in contrast
with the commonly accepted fact that entanglement is a
quantity that does not increase under LOCC.
Concluding we wish to stress that at least in princi-
ple the definition of GE could be extended to the case of
infinite-dimensional subsystems, provided that all the in-
volved summations converge. The most delicate point is
that the normalization (10) does not work in this case. As
far as a possible generalization to statistical mixtures, let
us observe that in these cases in order to estimate the de-
gree of entanglement we can take the convex-roof [17] of
GE. In other words we can adopt the following quantity
E(ρ) = inf
∑
i piEg
(|ψi〉), where the infimum is taken
over all the possible decompositions ρ =
∑
i pi |ψi〉〈ψi|.
However, this quantity is not easily computable, because
of the involved extremization.
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